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Absmct - PSK real number codes for the Rayleigh fading 
channel were proposed in [I]. This paper tabulates the detailed 
mapping of sc*me simple full-diversity low-delay codes in the 
original and the manually refined forms. The performance is 
examined by simulation at various interleaving depths. For the 
codes considered, the manually refined ones are found to be 
easy to implement and offer very little performance loss 
compared with the original. 

I. INTRODUCrION 
Optimum coded modulation design for mobile wireless 

channels which typically experience severe RayleighRician 
fading is a topic of continued research. The lengthy burst errors 
caused due to the Occurrence of deep fades, particularly at slow 
mobile speeds, results in the performance of coded modulation 
schemes being worse than that of uncoded modulation, even 
when significant interleaving depths are employed. 

For Rayleigh fading channels, it has been shown that, using 
coherent maximum likelihood sequence estimation with known 
channel information, the pairwise error probability of the coded 
modulation schemes depends greatly on the degree of time- 
diversity [24] instead of squared Euclidean distance. Although 
many BCM codes for Rayleigh fading channels [e.g. 5-91 have 
Already been designed based on criteria such as increased 
diversity, their diversity length is still less than the codeword 
length. To achieve a given diversity length, longer channel 
codewords are used, which leads to increased interleaving delay. 

Block real number coding was introduced in [I]  as a 
generalization of Block Coded Modulation (BCM). It uses a 
new design method and more accurate design criteria to search 
for the optimal code in the expanded code space. The codes so 
obtained are found to be able to provide full diversity for the 
Rayleigh fading channel. 

In this paper, we choose a few good full diversity low- 
delay low-complexity codes found in [l] for further 
investigation. The detailed mapping tables of the codes are 
presented; the manual refinements of the numerical solution are 
conducted; the performance of the codes are simulated for 
different interleaving depths in the Rayleigh faded channel. 

11. REAL NUMBER CODE AND ITS DEsICN 
This section briefly reviews the concept of the real number 

code and its design method, proposed in [ll. 

An (nk) block real number code transmits k information 
bits by n 2-dimensional channel symbols with coding rate r A 
kln bitsm. Its encoder is shown in Fig. 1. The encoding 
operation is simply mapping each k-long binary information 
block b P (6,, 62, ..., 6,, ..., b,) E B by a memoryless one-to-one 
correspondence to a 2n dimensional real vectot s A (x,, y , ,  n2, 
ya, ..., n,, y,, ..., x,, y.) E S, where the set B A {(b, ,  b,, ..., b,, ..., 
4 )  : bJ={0,1),j=1,2 ,..., k}, and the set S A {&+‘’A (x,(”, yp’, ..., 
x,’”, y,’”, .... x,’”, y:”) : s(’) E R’”, i = 1, 2, ..., M), M A 2k. The 
real vector s is the final channel codeword sent through a 2n- 
dimensional equivalent channel, which can be constructed, e.g., 
by a 2-dimensional physical 
channel and a pair of parallel- 
to-serial and serial-to-parallel 
converters on either side. As 
there are in total M==2k 
combinations of input bits, M 
points in the 2ndimensimal 

as legal codewords; they are 
denoted as s(‘) , i=1,2 ,... N. Fig. 1 

(x,“’,y,(’’) are then the coordinates of the 20 signal point of the 
ith codeword at time slot 1. En the receiver, the noisy and 
distorted counterpart of s cm be detected block by block by a 
maximum likelihood detector. The codeward length and the 
diversity length of the code are defimd as the value of n and 
the minimum Hamming distance between the codewords 
respectively . 

It is clear that the encoder mqpit-tg must be designed 
optimally so as to achieve the best perfmmce in m e  sense, 
and this task is in fact to chossg the red number values of 2nM 
elements in d”, i=Z,2 ,... JW. In the design, we choose the 
criterion to be the minimi-& of the uniun€hoff upper 
bound of the word error rate [2,3). The code design problem 
can be transferred to a multivariabk constrained nonlinear 
optimization problem [ll and solved numerically. The 
optimization model is farmelated as 
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by a one-step mapping, rather than through some intemiediate 
binary codes; however, the conventional BCM PSK codes are 
in fact still observed to be within its search space as p i a l  
cases. 

HI. THE CODES AND THEIR PERFORMANCE 
This section discusses five codes and their simplified 

versions. All the codes are full diversity ones, i.e., the diversity 
length equals the codeword length. 

In the simulation of the code performance, the system 
assumed is as follows: the coded channel block is converted to 
serial form and transmitted as a sequence of 20 symbols; the 
sequence is interleaved by a block-type symbol interleaver, then 
transmitted through the slow flat Rayleigh fading channel; in 
the receiver, the received sequence in deinterleaved accordingly 
and detected by a maximum likelihood block decoder with 
known channel state information and perfect timing [2-4]. The 
block-type interleaver Udeinterleaver) is realized by a n by m 
matrix which is written column by column (/row by row) and 
read row by row (/column by column), where n is the codeword 
length. The interleaving depth is defied as nxm, which 
determines the total interleaving delay; the interleaving degree 
is defined as the dimension m of the matrix. In J 1  the 
simulations, the normalized Doppler frequency f, T, is assumed 
to be 0.001. 
1. Length 2 Codes 

f2.2) code (r= 1 b i W )  The original code mapping table 
obtained from the numerical solution of the optimization search 
is given in Table I (a). In the table, the first column indicates 
the codewords, each corresponds to one of the four 
combinations of 2-bit information block by certain one-to-one 
mapping rule; the second column lists the corresponding signal 
point coordinates of the two 20 channel symbols mapped to. 
The two 20 constellations are unequally spaced 4-ary PSK, 
they are also depicted in Fig. 2. 

Table 1 (a): The mapping of the original (2,2) code 
Code- Codeword coordinates 
words 1st 2D 2nd 2D 

(-9.50513-1. 3.11763-1)( 9.5384E-lt-3.0161E-1) 

L - i -  --+-I -7 
i l  

*> -t-- -----l 
.1 .J . U I 

Fig. 2 

Table I (b): The constellations are observed to 
Refined (2,2) code be almost equally spaced. It can be 

expected that the performance would 
not change much if tke signal point 
lobtiom are replaced by the equally 
spaced QPSK accordingly. By doing 
so, the mapping table of the manually 
refined code is obtaiined as in Table I 

(b), where a phase number i (i=O, 1, .... 2'-1) means the signal 
point has a phase of 27~i2~, here k-2 for this code. 

Fig. 3 shows the simulated word error rate of the original 
code (denoted by the abbreviation "0.") and the refmed code 
(denoted by "R.") at various interleaving degrees. The union- 
Chemff upper bound [2,31 of the originall and the refmed 
codes as well as the exact uncoded BPSK performance m also 
plotted for comparison. It can be observed that 1) the refined 
code performs almost as well as the original in this case; 2) for 
good performance, the interleaving degree should be 90 or more 
at the simulated fading speed. 

3 2  

. 
code with n=2. R=I bits/2D 

Average Eb/No (dB) 

Fig: 3 

Fig. 4 

J2.3) code ( r  = 1.5 bits/2D): The mapping table of the 
original and refined codes are given in Tables I1 (a) and (b) 
respectively. The original code is an 8-ary unequally spaced 
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Code- 
words 

Codeword coordinates 
1st 2D 2nd 2D 

s") 
SI') 

s'" 
s ' ~ '  

( 5.6985E-1, -8.22213-1) ( 8.09913-1, -5.87133-1) 
( 9.81323-1, -1.94353-1) (-2.27083-1, 9.74223-1) 
( 7.65293-1, 6.44273-1)'( 9 .75523-1, 2.21433-1) 
1.97423-1. 9.80703-1) (-5.92923-1,-8.05683-1) 

Table I1 (b): PSK one, the constellations are given 

Fig. 5 gives the simulated word 
e m r  performance together with the 
bounds of the original and the refined 
codes. The performance loss due to 
the refinement is nearly invisible and 
the complexity refined codes is 
greatly reduced by using standard 
8PSK constellations. 

{2,4) code (r = 2 bitsL?D): The 
mapping table of the original and 

refined codes are given in Tables 111 (a) and (b) respectively. 
The original code has unequally spaced PSK constellations of 
size 16, the constellations are given in Fig. 6. Simulation results 
of the original and the refined codes are presented in Fig. 7 
with the simulated performance of uncoded QPSK for 
comparison. The union-Chemoff bounds are also plotted for 
both codes. Again, the refinement causes very little loss. 

Refined (2,3 ) code in Fig. 4. 

a'*) 
8 ' 5 1  

s ' ~ )  
sI7' 

loo 

lo-' 

lo4 

I= 10" 

lo-' 

(-6.41883-1, 7.67303-1) (-8.02233-1, 5.97583-1) 
(-9.94873-1, 1,04813-1) ( 2.1442E-1,-9.7709E-l) 
(-7.98993-1, -6.01983-1) ( 5.55653-1, 8.31823-1) 
(-1.4b14E-1, -9.89943-1) (-9.84593-1, -1.76813-1) 

code with n=2. R= 1.5 bits/ZD 

. .  
s " ~ '  ( 3.84923-1,-9.27933-1) ( 8.39203-1, 5.47333-1) 
s(14' ( 7.01933-1, -7.18683-1) (-9.86823-1, -1.73233-1) 

. a(15) ( 9.33333-1.-3.7163E-l) (-1.87033-1, 9.84303-1) 

lod ! 
6.0 10.0 16.0 20.0 26.0 30.0 

Average Eb/No (dB) 
Fig. 5 

Table III (a): The mapping of the original (2,4) code 
Code- Codeword coordjnates 
words 1st 2D 2nd 2D I 

Fig. 6 

code with n=2. R = 2  bits/2D 

Average Eb/No (dB) 
Fig. 7 

2. A Length 3 Code 
The length 3 code has coding rate of 1 him, so it is a 

(3,3) code. The mapping for 9 original code and the refined 
version are tabulated in Table IV (a) and (b) respectively. The 
three 20 PSK constellations of the original code are plotted in 
Fig. 8. Simulated performance and the bounds for the both code 
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8(81 

8(91 

s ( l Q l  

sill) 
s 1 1 2 )  

g1141 

s1151 

versions are illustrated in Fig. 9 with BPSK performance for 

8 3  
9 13 

10 10 
11 14 
12 6 
13 2 
14 9 
15 5 

comparison. 
Table 111 (b): 

Refined ( 2 , 4 )  code 

codewords 

codewords 

8 1 4 1  4 5 1  
(51 5 2 7  

Fig. 8 

code with n=3. R = l  bit/2D 

Average Eb/No (dB) 

Fig. 9 

3. A Length 4 Code 
This is a (4,4) rate 1 bit/2D code. The original code 

obtained from the searching program has the mapping as in 
Table V (a) on the next page, the four 2D constellations are 
shown in Fig. 10; its refined 16PSK version realizes mapping 
given in Table V (b). Simulation results are shiown in Fig. 11. 

Fig. 10 

code with n=4, R = l  bj.t/ZD 

5.0 9.0 13.0 17.0 21.0 25.0 

Average Eb/No (dB) 
Fig. 11 

From the simulation results, it can be seen that upon 
sufficient interleaving, all the codes provides significant gains 
in average S N R  over the uncoded counterparts (if available). An 
interleaving degree more than 90 should be used to realize the 
gain, a degree between 180 and 360 is recommended. The loss 
caused by simplifying the original codes to a symmetric PSK 
codes is less than 0.2 dB for all the five cases. 
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Table Iv (a): The mapping of the original ( 3 , 3 )  code 

Table V (b): 
Refined ( 4 , 4 )  code 

rcode-I Phase number of t 
IV. CONCLUSIONS 

The simulation colpfrrmed 
that the full diversity PSK real 
number d e s  can provide 
significant coding gain when the 
symbols in a block are 
independently faded or when 
sufficient interleaving is used. 
The gain increases asympto- 
tically with the Mock length, i.e., 
the diversity length at given 
coding rate, and also with the 
interleaving depth. "he inter- 
leaving delay for these codes is 
low because of their short code- 
word lengths. For the codes 
considered in this paper, the loss 

in coding gain is negligible when the original codes were 
refined (or simplified) to symmetric PSK codes. The refined 
codes ate simple for implementation. 
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