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Abstract—We derive the likelihood functions and the maximum
likelihood (ML) detectors for four classes of single-input double-
output (SIDO) communication systems, i.e., systems with one
transmit and two receive antennas. For all classes, the received
signals are contaminated by a Gaussian noise component and
a non-Gaussian component induced by the Gaussian transmis-
sions of a proactive continuous single-antenna jammer over
an unknown complex 2 X 1 Gaussian vector channel. The
considered classes correspond to whether full channel distribution
information (CDI), or partial CDI about the transmitter channel
and the jammer channel is available at the receiver. Unlike
their scalar counterparts, the vector channels considered herein
interweave the components of the received signal, rendering the
derivation of the likelihood function a daunting task for more
than two receive antennas. Furthermore, the interweaving of the
received signal components in the vector channel case prevents
the optimal ML detector for unit-norm constellations from
reducing to the corresponding Gaussian approximation-based
detector. This is in sharp contrast with the scalar case, wherein
the two detectors are equivalent for unit-norm constellations.
Confirming our analytical findings, experimental results show
that the difference between the two detectors can be significant,
especially when the transmitter-receiver and jammer-receiver
channels have substantial line-of-sight components. Although the
computational cost of performing optimal ML detection in the
presence of non-Gaussian jamming is higher in the case of two
receive antennas, the performance advantage over the single
antenna case justifies it.

I. INTRODUCTION

The services offered by wireless communications have pro-
liferated our everyday life, from entertainment to banking and
defence-centric services. Disrupting these services can cause
distress, evoke chaos and potentially incur catastrophic losses.
The open nature of the wireless channel makes it vulnerable to
jamming which compromises the reliability and effectiveness
of these services and, in extreme cases, can result in denial
of service altogether [1], [2]. Although traditionally, jamming
was considered in the context of warfare, its impact on civil ap-
plications cannot be ignored. For instance, cellular systems [3],
positioning systems [4], sensing and monitoring networks [5],
Vehicular Ad hoc Networks (VANETS) [6], cognitive radio
networks [7], and Internet-of-Things (IoT) systems [8] to name
a few can all be disrupted by jamming activities. Unlike their
traditional stationary counterparts, modern jammers can be
mobile or airborne [9], [10], giving rise to intricate wireless
channels and received signal models.
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Launching jamming attacks is readily feasible and inex-
pensive. For instance, a protocol-specific jammer can use
off-the-shelf software defined radio to exploit vulnerabilities
of system protocols [11], e.g., the medium access control
protocol (MAC) [12] and channel estimation procedures [13].
Alternatively, a protocol-neutral jammer can use a noise gen-
erator to disrupt communications by degrading the signal-
to-noise ratio (SNR) at the receiver. Such a jammer can
simultaneously impact the performance of multiple wireless
systems [5].

Jammers can be either reactive or proactive depending on
the timing of their attacks [12]. Whereas reactive jammers
launch their attacks whenever a communication activity is
detected, proactive ones launch their attacks blindly, irre-
spective of the communication activity. The transmissions
of proactive jammers can be either continuous or random.
Random jamming is more power efficient, but continuous
jamming is more impactful [2].

Jammers can also be classified according to the bandwidth
they target. For instance, a jammer can focus its transmissions
on a single or a particular set of discrete tones or on a
contiguous frequency band. A particular class of jammers
is the so-called barrage jammers which are characterized by
broadband transmissions [14]. Such jammers typically emit
white Gaussian noise that occupies the entire bandwidth of the
target system. In the absence of prior information about target
systems, proactive continuous barrage jamming is known to be
the most deleterious [9]. When prior channel information is
available, proactive jamming can be mitigated with the help of
a friendly eavesdropper [15] or by adjusting the transmission
power or rate, or both, of legitimate users using adaptive water-
filling-like protocols [16]-[18]. However, these techniques are
not readily applicable when channel information is not avail-
able, which is the case considered herein. This is due to the
fact that when channel information is not available, the signal
induced by the jammer at the receiver is not Gaussian, thereby
violating a fundamental assumption of those techniques.

The signal induced at the receiver by the barrage jammer
is assumed to be an additive Gaussian noise in the majority
of literature, see e.g., [9], [15], [16], [19]-[21]. However,
this assumption is valid if the jammer transmits Gaussian-
distributed signals and the channel state information (CSI)
of the jammer-receiver channel is known. The fact that the
jammer does not send pilots or prescribed waveforms makes
acquiring this CSI a difficult task. The problem becomes more
pronounced when either the jammer and/or the receiver are



mobile or airborne [22], rendering the Gaussianity assumption
on the jamming signal observed at the receiver questionable.
For a mobile jammer and/or receiver, the statistical distribution
of the jamming signal observed at the receiver is that of
the product of a Gaussian random variable representing the
emitted jamming signal and a random vector representing the
multiple-antenna jammer-receiver channel. In the particular
case in which the receiver has a single antenna and the
jammer-receiver channel is Rayleigh or Rician fading, the
distribution of the jamming signal at the receiver is that of
the product of two Gaussian random variables, which is not
Gaussian [23], [24]. Having expressions for the conditional
probability density functions (pdf’s) of the received signal
in the presence of barrage jamming is necessary for optimal
maximum likelihood (ML) detection. Such expressions depend
on the channel statistical information available at the receiver.

Obtaining conditional pdf expressions for the received sig-
nal involves deriving the distributions of various products
of Gaussian random variables. Such distributions have been
derived for real and complex Gaussian random variables in,
e.g., [25]-[29]. For instance, the pdf of the inner product
of two real Gaussian random vectors was derived in [25]. The
case of the inner product of two complex Gaussian vectors was
considered in [26]. Therein, an expression of the characteristic
function was first derived, and subsequently, the corresponding
pdf was obtained by evaluating its inverse Fourier transform
numerically. The joint pdf of the magnitude and phase of the
product of two independent complex Gaussian scalars was
derived in [27], whereas that of the random scalar resulting
from adding a complex Gaussian scalar to the product of two
complex Gaussian scalars was derived in [30]. The vector
counterpart of [30], i.e., the pdf of the random vector resulting
from adding a Gaussian vector to the product of a Gaussian
scalar and a Gaussian vector was derived in [28], [31]. A
more general version in which the pdf of the vector resulting
form adding a Gaussian vector to the product of a Gaussian
matrix and a Gaussian vector was derived in [32] and [33].
The vector considered in [31] resulted due to considering
a barrage-jammed single-input single-output system. In that
case, all channels were assumed to be block fading with inde-
pendent Gaussian scalar gains, rendering the components of
the received signal vector separable. This separability has been
key in deriving the conditional pdf of the received signal with
arbitrary symbol dimensions. Unfortunately, this separability
does not hold for the case in which the receiver has multiple
antennas. This significantly complicates the derivation of the
conditional pdf of the received signal vector and prevents the
derivation in [31] from generalizing to the case of receivers
with more than two antennas.

In this paper, we consider a scenario in which a single-
antenna transmitter sends multi-dimensional complex symbols
to a double-antenna receiver in the presence of a single-
antenna barrage jammer. The transmitter-receiver and the
jammer-receiver channels are assumed to be block fading
independent Gaussian matrices with coherence time that is
larger than the time required for transmitting the multi-
dimensional symbol. The jammer’s signal is represented by
a vector of independent complex Gaussian random variables.

Given the transmitted symbols, the received signal can be
represented by the random vector resulting from adding a
Gaussian vector to the product of a block diagonal Gaussian
matrix and a Gaussian vector. We derive the conditional
pdf of the received signal vector for the cases in which
either full or partial channel distribution information (CDI)
about the transmitter-receiver and jammer-receiver channels is
available at the receiver. The block fading assumption along
with the multiplication inherent in this model interweaves the
components of the received signal, thereby complicating the
derivation of the required conditional pdf and rendering it
intractable for receivers with more than two antennas. To the
best of our knowledge, the scenario considered herein was not
considered in the literature and, in a sense, complements the
results reported in [27], [30], and [31].

The paper is organized as follows. In Section II we present
the system model and the problem statement for four different
cases. Expressions for the likelihood functions corresponding
to each of these cases are presented in Section III. This section
also presents expressions for the likelihood function obtained
by treating the jammer’s component of the received signal
as if it were Gaussian distributed. In Section IV we present
simulation results and Section V concludes the paper. For ease
of flow, most derivations are relegated to the appendices.

Standard notations will be used throughout the paper. Bold-
face uppercase and lowercase letters will be used to denote
random vectors and random scalars, respectively; regular face
letters will be used to denote deterministic quantities. The
Euclidean norm of vector V' is denoted by ||V'||. The deter-
minant of a matrix M, its inverse, if exists, and its Hermitian
transpose will be denoted by |M|, M1, and M respectively.
The identity matrix of dimension N will be denoted by Iy.
The vectorized version of matrix M € C"™*" resulting from
stacking the columns of M on top of each other is given by
vec(M) € C™*!, For a complex variable z, the complex
conjugate, the magnitude, the real part, the imaginary part
and the phase will be denoted by z*, |z|, R{z}, S{z} and
Az, respectively. The modified Bessel functions of the first
kind of order zero will be denoted by Iy(-). The Kronecker
product will be denoted by ®.

II. SYSTEM MODEL AND PROBLEM STATEMENT

We consider a system composed of a single-antenna trans-
mitter communicating with a double-antenna receiver in the
presence of a single-antenna barrage jammer. The transmitter-
receiver channel, H € C?*!, and the jammer-receiver chan-
nel, G € C?*!, are assumed to be block fading vector
channels, i.e., they remain constant during the transmission
of any data symbol and take independent realizations for
subsequent symbols. Unlike their scalar counterparts, the
block fading vector channels considered herein interweave the
components of the received signal, rendering the derivation of
the likelihood function intractable for more than two receive
antennas.

Both H and G are modeled as independent proper complex
Gaussian random vectors with mean vectors py and g,
and covariance matrices 0,%12 and 0312, respectively, where



op and o, are known scalars, i.e., H ~ CN(pp,0il)
and G ~ CN(pg,0.15). The transmitter-receiver and the
jammer-receiver distances are assumed to be much larger than
the receiver’s inter-antenna spacing, this assumption allows
us to express the mean vectors of H and G as py =
allem e 9] and g = |pa,[le~ 0 ¢~ n]f, where
|py| are |p,| are known scalars, whereas 0y, ,0,,0,,, and
0,, are i.i.d random scalars uniformly distributed in [0, 27).
The transmitter, the jammer, and the receiver can be mobile
or airborne, which is the case in vehicle-to-vehicle (V2V) and
unmanned aerial vehicle (UAVs) communications. Hence, both
channels, H and G, are assumed to be subject to independent
fading processes. Both channels can be Rayleigh or Rician
fading depending on whether their respective means, gty and
Mq, are zero or non-zero vectors [34]. For the case in which
the transmitter-receiver channel, H, is Rayleigh fading, i.e.,
|y, | = 0, we assume that the receiver has full CDI about H.
On the other hand, for the case in which H is Rician fading,
e.g., the case when either the transmitter and/or the receiver
is a UAV [35], we assume that the receiver has a partial CDI
about H represented by the relative strength of its line-of-

sight (LOS) components given by its k-factor, k;, = M

Oh
Analogously, G is either Rayleigh fading and the receiver
knows o4, or G is Rician fading and the receiver knows o,
A

and kg = ——.
o

The transr%itted symbol, the jamming signal, and the ad-
ditive noise at the receiver are denoted by X € C7,
V € CT, and Z € C*¥7T, respectively. The jamming
vector, V', and the vectorized additive white noise, Z =
vec(Z), are assumed to be independent circularly symmetric
complex Gaussian random vectors, i.e., V ~ CN (O,U‘Q/IT)
and Z ~ CN(0, U%IQT), where oy and oz are known scalars.
The received signal is denoted by Y € C2*7 and is given by:

Y=HX"'+GV* +Z. (1)
It can be shown that the vectorized version of (1) is given by:
Y =(Ire H)X + (Ir 2 Q)V + Z, )

where Y € C?7.

This paper aims at developing the ML detector for each
of the four cases outlined hereinabove. For all these cases,
we show that the ML detector outperforms the detector based
on the Gaussian approximation of the signal induced at the
receiver by the jammer transmission. This contrasts with the
case in which the receiver has a single antenna. In that case,
the exact detector and the Gaussian approximation detector
coincide when the constellation symbols have unit norm.

The four cases considered herein are the following.

1) Statistical distribution of both H and G partially

known: The ML detector decides in favor of the con-
stellation point X given by

X = argmaxpy|x (VX i, o 1yl og) - (3)

In this case, the phases of the mean vectors of H and
G, ie., 0,%1, OH,L2, 0,“91’ and 0M92 are random and
unknown. This situation arises when both the transmitter

and the jammer channels have LOS components. The ex-

act and Gaussian approximation-based likelihood func-

tions for this case are given in (7) and (9), respectively.
2) Statistical distribution of H partially known and statis-

tical distribution of G known:

The ML detector decides in favor of the constellation

point X given by

X = arg max py| x (Y]X; |Nh|70'}2uCT§) N )

In this case the phases of the mean vector of H, i.e.,
0,,, and 6, . are random and unknown while the
mean vector of G is zero. This situation arises when
the transmitter channel has an LOS component but
the jammer channel does not. The exact and Gaussian
approximation-based likelihood functions for this case
are given in (10) and (9), respectively.

3) Statistical distribution of H known and statistical distri-
bution of G partially known: The ML detector decides
in favor of the constellation point X given by

X =argmaxpy|x (Y|X;|ugl. 05, 07) . (5)

Complementary to the previous case, the phases of the
mean vector of G, i.e., Gugl and 0%2, are random and
unknown while the mean vector of H is zero. In this
situation the jammer channel has an LOS component but
the transmitter channel does not. The exact and Gaussian
approximation-based likelihood functions for this case
are given in (12) and (14), respectively.

4) Statistical distribution of both H and G known: The

ML detector decides in favor of the constellation point
X given by

X = argr)rgléaécpy‘x (Y’X;a%,ag) . (6)
In this case both H and G have zero mean vectors,
i.e., neither the transmitter channel nor the jammer
channel has an LOS component. The exact and Gaussian
approximation-based likelihood function for this case are
given in (15) and (14), respectively.

In all of the aforementioned cases, the transmitted symbol
that maximizes the corresponding likelihood function is ob-
tained using exhaustive search over constellation symbols. In
the next section, we will provide exact and approximate ML
detection rules for each of these cases.

III. LIKELIHOOD FUNCTION EXPRESSIONS FOR THE
DIFFERENT CSI CASES

In this section, we present the exact likelihood function
expressions for the cases outlined in the previous section
along with the likelihood expressions based on the Gaussian
approximation of the non-Gaussian signal resulting from the
jammer’s transmissions.

A. Statistical distribution of both H and G partially known:

In this case the transmitter channel and the jammer channel
have LOS components. This might be the case when the
jammer and the transmitter are airborne, or when the receiver
is airborne or highly mounted.



1) The exact likelihood  function: The  exact
likelihood function for this case is fyx(Y[|X) =
PY|X (Y‘X lenl, Uh,|uq,ag) (cf. (3)) and is given in
the following theorem:

Theorem 1. Let Y = (Ir ® H)X + (Ir @ G)V + Z,
where X € CT, V. ~ CN(0,0%1r), Z ~ CN(0,0%127),
H ~ CN (\/Lh“eﬂe“hl efje“hz]T,U,QLIQ) and G~
CN <|ug|[e*39u91 e*JB*‘ga]T,aglg). The scalars |p,|, |,
On, 04, 0z, and oy are known, and the phases 0Mh1, 0%2,

(7] and 0, arei.i.d. random scalars uniformly distributed

over [0,27). Let ky |“h‘ |u9|

Hgy?

and kg =
Oh

function of Y conditioned on X = X is glven by:

. The likelihood

_97.2
Frix(Y]X) = M
//exp (Y,— k:hahe] Fhy X)TE (Yo—khahejg”hl X))
X exp (—(Ye—khaheje“”? X)f Z_l(Ye—kzhaheﬁ“”z X))
X Ux vk, O, Opny) Oy A0y, (7)

where Y = G'}XXT + o7 2Ip, and

T 3
—t
\I’XYkh(euhl uhz // |At+t [T| (a O’Zt)
g~ v

X exp (E(Yo—khahe Hhy X)TT(E,t)(YO—khahe] Hhy X))

X exp (u(Ye —kpopeine X)) (%, t)(Y, —kpope’na X))

x 1y (2\/ uat|(Y, —khaheja“th)TT(z, t)(Ye —k‘haheﬁ”th)D
2k,

9 -
><10< K “)1()( o JEL )dudt (8)
040y t Oq0y t

Y, =

where Y, contains the odd components of Y, i.e.,

V. Yo 1, .., Yo ||V and Y, contains the even compo-
nents of Y, i.e., Yo= [Y5', ..., Yo' ..., Yo |, The parameters
t =1—tand uw = 1 — u, and the diagonal matrix A

contains the eigenvalues of X1, and the matrix Y(X,t) =
st (1 + %)
Proof. See Appendix A. O

We note that Y, and Y. are the outputs of the first
and second receive antennas, respectively. We also note the
symmetry of the expressions in (7) and (8) in Y, and Y.,
which reflects the symmetry of the channels observed by
the two antennas. The computation of (8) is compounded
by the fact that a term of the integrand in (8), namely,
Iy (2\/@ t|(Yo— khahejguth)TT(E, t)(Ye —khaheje“thﬂ s
contains the inner product of the output of the first and second
receive antennas. This portends the difficulties that are likely
to be encountered if the proposed technique were to be used
to obtain the likelihood function for the case with more than
two receive antennas.

2) Gaussian Approximation:

Due to mathematical tractability, the signal induced by the
jammer at the receiver has been commonly assumed to be
Gaussian distributed, see, e.g., [9], [15], [16], [19]-[21]. In
this paper, we investigate this assumption for all considered
cases.

Approximating the signal resulting form the jammer trans-
mission at the i-th receive antenna, i € {1, 2} by a Gaussian
vector J; = g,V where J; ~ CN (0,020717) yields the
likelihood function in the following lemma

Lemma l. Let Y, X, V, Z, H, G, ky, and k, be as defined
in Theorem 1, and let J = g;V where i € {1,2}. Assume
that J ~ CN(0,0203,Ir), then the likelihood function of Y
conditioned on X = X is given by:
1
frix(Y|X) = TSN
x exp (Y SNY, - VIEY, — 2k0i XTE 1 X)

x Iy (2kpop Y] S X|) Io (2knon|Y) E1X]). (9)

where Yy = 02 X XT + (0202 + 02%)Ir , and Y, and Y, are

defined in Theorem 1.

gv

Proof. See Appendix B. L]

It can be noticed from (9) that in this case, and in the
other cases as will be seen later, the likelihood function based
on the Gaussian approximation does not incorporate the k-
factor of the jammer’s channel, k,. Not incorporating this
information renders the performance of the detector based
on this likelihood function inferior to the one based on the
exact one, cf. Section IV below. It is worth mentioning that
the non-zero mean of the transmitter’s channel, p, appears
in the Gaussian approximation expression in the form of
|ten| = knop. In contrast, the non-zero mean of the jammer’s
channel, p4, does not appear in the likelihood expression based
on the Gaussian approximation. This is due to the fact that the
signal resulting form the jammer’s transmission, J = gV, is
approximated by a Gaussian signal with mean p; = figpiy.
The zero mean of the jamming signal, f,, renders p; zero.
Hence, 114 is suppressed regardless of its value.

B. Statistical distribution of H partially known and statistical
distribution of G known:

The conditional statistical distribution of the received signal
for this case is required for optimal detection when the
jammer-receiver channel does not have an LOS component,
whereas the transmitter-receiver channel has an LOS compo-
nent with a known k-factor. Such a scenario may arise when
both the jammer and the receiver are ground-based and the
transmitter is airborne or highly mounted.

1) The exact likelihood function: The exact likelihood func-
tion for this case is fy | x (Y|X) = py|x (Y|X;|psl, 07, 02).
(cf. (4)) and is given in the following corollary.

Corollary 1. Let Y, X, V, Z, H, %, 0%1, 0%2 and kj, be
as defined in Theorem 1, and let G ~ CN (0, 0312) where o,



is a known scalar. The likelihood function of Y conditioned
on X = X is given by:

1

fY\X(Y|X) = 47‘(2T+20'40'3|Z|2 X

/ / exp (Yo— khahej # X)T8T (Yo—khaheﬁ“hl X))
X exp (_(Ye_khUheﬂ“’L? X)1L E_l(Ye—kthe-79“hz X))
X @X,Y,kh (6:“”11’0/“12) de,“'hl d@uhz, (10)

where

Lty E)T’B t
i) 0, ,0 = 7 i
Xk Oy > Opiny) /O/O N Ty P (ggagt)

x exp (@Yo~ knone’s X)L (S, 6) (Yo~ knone’" X)

N———

x exp (w(Ye —knone’s X)TT (S, 6) (Y~ ke X)

= —

Iy (2\/ uﬂﬂ (Y, —khO'he]g“’HX)TT(E, t) (Ye —khaheje”’LzX)
x du dt, (11)
where A, 1, Yo, Y, Y(3,t), and u are defined in Theorem 1.

Proof. Setting kg to zero in (7) and (8) and noticing that
1(0) = 1 yields (10) and (11), respectively. O

It can be noticed that the role of the function
@x,v k. (O, » Opy, ) in (10) is similar to the role of the func-
tion Wx v, (0, +0p,,) in (7). In particular, both functions
render the outputs of both antennas inseparable, which com-
pounds the evaluation of the respective likelihood functions.
However, in comparison with \If)(g/’;%(ﬁﬂh1 , 9,“12) in (8), the
computation of ®x y,k, (0, 0y, ) in (11) is less demanding
because it does not contain the Bessel functions involving k,.

2) Gaussian Approximation: From Lemma 1, it can be seen
that the likelihood function based on the Gaussian approxima-
tion does not incorporate the k-factor of the jammer’s channel,
kg. Hence, it can be readily verified that approximating the
received signal components corresponding to the jammer’s
transmission by Gaussian vectors as in Section III-A2 yields
the same likelihood function given in (9).

C. Statistical distribution of H known and statistical distri-
bution of G partially known:

Complementary to the previous case, in this case the
jammer-receiver channel has an LOS component with a known
k-factor, whereas the transmitter-receiver channel has no LOS
component. Such a case arises when the jammer is airborne or
highly mounted whereas both the transmitter and the receiver
are ground-based.

1) The exact likelihood function: The exact likelihood func-
tion for this case is fy|X(Y|X) =pyix (Y[X:|p,l,02,0%),
(cf. (5)) and is given in the following corollary.

Corollary 2. LetY, X, V, Z, G, X and ky be as defined in
Theorem 1, and let H ~ CN (O7 J%IQ) where oy, is a known
scalar. The likelihood function of Y conditioned on X = X
is given by:

exp(—2k2)
VX)= ——2
fYIX( | X) 7T2T02103|2|2

xexp (— (Y 27'Y,) — (Y] 27'V0)) Qx v, (12)

where

XYkn = |At +t ] “P\ o202
ot T ng ut
X exp (uYo T(E, )Y, +uY T (X, t)Ye) I -
Tg0
2
x Iy ( Ky o JEE ) I (2\/uut|YT (%, )Y, |) dudt,
040y t

where A, 1, Y,, Y., T(X,t), and u are defined in Theorem 1.

(13)

Proof. Settmg kh to zero in (7) and (8) and noticing that
(2m)=2 [ [y " dby,, db,,, =1, and I5(0) = 1 yields (12)
and (13), respectlvely. L]

Comparing (12) with (7) and (10), we notice that (12) does
not involve integration over ¢, and 6, . This is due to the
fact that H is zero mean, which renders the computation of the
expression in (12) much less demanding than its counterparts
in (7) and (10).

2) Gaussian Approximation:  Approximating the signal
resulting form the jammer transmission at the ¢-th receive
antenna, ¢ € {1,2}, by a Gaussian vector J; = g,V, where
J, ~ CN (O,JgafIT) yields the likelihood function in the
following lemma.

Lemma 2. Let Y, X, V, Z, G, ¥ and k, be as defined
in Theorem 1, and let H ~ CN (0,0,%]2) where oy, is a
known scalar. Let J = g,V where i € {1,2}. Assume
that J ~ CN(0, 030‘2/IT), then the likelihood function of Y
conditioned on X = X is given by:
Frix(Y|X) = exp (- (VSR Yo+ YIE'Y))
(14)
o2 +0%)Ir, and Y, and Y, are

1
2T |y [?

where Xy = 02 X XT + (o7
defined in Theorem 1.

Proof. Setting ky, to zero in (9) and noticing that I5(0) = 1
yields (14). O]

As in Lemma 1, it can be seen form (14) that the likelihood
function based on the Gaussian approximation does not incor-
porate the k-factor of the jammer’s channel, k,. Moreover,
in comparison with (9), we notice that the computation of
likelihood function in (14) is less demanding because it does
not contain the Bessel functions involving kj,.

D. Statistical distribution of both H and G known:

In this case, neither the transmitter-receiver channel nor the
jammer-receiver channel has an LOS component. This might
be the case when all parties are ground-based.



1) The exact likelihood function: The exact likelihood
function for this case is fy|x (Y|X) = py|x (Y|X;07,02).
(cf. (6)) and is given in the following corollary:

Corollary 3. Let Y, X, V, Z and ¥ be as defined in The-
orem 1, and let H ~ CN (0,0,21]2) and G ~ CN (O,UZIQ),
where o), and o, are known scalars. Then, the likelihood
function of Y conditioned on X = X is given by:

1
YIX) = —————
fY|X( | ) 7T2T0'303|2|2

xexp (— (Y 27'Y,) — (Y] 7)) Dx yvp,, (15)

where

o= [ e
X)Y,kh - 0 0 |At+EIT|
X exp (a Y T(2,t) Y, +u Y] T(,¢)

t
. - )
© o202t

x Iy (2\/uﬁt Yl T(S,t) Ye|) du dt, (16)

where A, 1, Y,, Yo, YT(X,t) and u are defined in Theorem 1.

Proof. Settmg kh and kg to zeros in (7) and (8) and noticing
that (27)~2 0 "db,, db,,, =1, and Io(0) = 1 yields
(15) and (16), respectlvely ]

The fact that (15) does not involve the double integration
over 6, and 6, ,and that I'x y x, in (16) does not include
the two Bessel functions involving k, that were present in
(13) makes the exact likelihood function of this case the least
computationally demanding among all considered cases.

2) Validation: In validating the correctness of the exact
likelihood expression in (15) by comparing it to the histogram
produced by a Monte Carlo simulation, we faced the problem
that the analytical and the Monte Carlo results are multivariate.
For instance, a constellation with 7' = 2 will produce a
likelihood function that has eight independent real variables.
Plotting such a likelihood function or a histogram is not an
easy task. To overcome this obstacle, we set 1" to be 2, and
resorted to deriving the conditional marginal distribution of
Jra1x (r1]X), where r;y is the magnitude of the first output
of the first antenna, i.e. 71 = |Y'1|. The expression of
frix (r1|X) is given in the following corollary'.

Corollary 4. Let Y be the random vector whose likelihood
function, fyx(Y|X), is given in Corollary 3. Let T = 2.
Then, the marginal distribution of v1 = |Y 1| conditioned on
X is given by:

fr1|X(T1|X) =
oo L5 k—2¢ 2n+20
k /— n)|2 n+
U4U4|E|2 ZZ Z kl 412 nl (k—%—n).
k=0 £=0 n=0
// (uwat?)Ft(t)=* ( —t  AMtu+ Mt 2)
exp | 55— —17
1 1>\t—|—1?> UgO'Ut Alt—f—t

y )\1t+t n+0+1 )\2t+t_ k—f—n+1 )\% 2k
N2tu+Mt, Atu+Not Aot +1,

IThe validation has been kindly suggested by an anonymous Reviewer.
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Fig. 1. The Monte Carlo histogram versus the analytical marginal pdf for
T=6, kg=kj, =0.
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N3tu + Aot A\t + 1)
7)
where \;, i € {1,2}, and t are defined in Theorem 1.
Proof. See Appendix C. O

The plots of f,,|x(r1|X) and the histogram produced by
a Monte-Carlo simulation are given in Figure 1. It can be
seen form this figure that the derived conditional marginal
distribution closely match the histogram.

3) Gaussian Approximation: Due to the fact that the likeli-
hood function based on the Gaussian approximation does not
incorporate the jammer’s channel k-factor, kg4, cf. Lemma 1
and Lemma 2, approximating the signal resulting form the
jammer’s transmission at the receiver by Gaussian vectors as
in Sections III-A2 and III-C2 yields a likelihood expression
identical to the one in (14).

4) The Optimal covariance matrix for Gaussian Approx-
imation: The Gaussian approximation likelihood expression
for the cases in which k;, = 0, i.e. cases in Sections III-C
and III-D, can be optimized by using the covariance matrix
that minimizes the Kullback-Leibler distance measure [36]
between the Gaussian approximation-based likelihood function
in (14) and the exact likelihood functions in (12) and (15). This

covariance matrix is given in the following lemma?.

Lemma 3. Let Y, Y,, Y., and X be as defined in
Theorem 1, and let H ~ CN (0,0,312) where oy, is a
known positive scalar. The covariance matrix that minimizes
the Kullback-Leibler distance measure between the Gaussian
approximation-based likelihood function in (14) and the exact
likelihood functions in (12) and (15) is given by

Sy, x + Eyx
2 )

where Sy, |x = E{YOYZ|X} =

Iy, Fyox (Yol X) (YoY,)dYo, and By, x = E{Y . Y[|X} =

=(X) = (18)

2This approach has been kindly suggested by an anonymous Reviewer.



fye Ty x (Yol X)(YeYS)dYe, fy,x and fy x(Ye|X) are
the exact likelihood functions of Y , and Y . respectively (See

[31]).
Proof. See Appendix D. O

The result of this lemma is rather intuitive. In particular,
to approximate a given distribution by a Gaussian one, the
optimal covariance matrix that can be used for the Gaussian
distribution is the covariance matrix of the realizations of the
original distribution.

IV. SIMULATION RESULTS

In this section, we compare the performance of the ML
detector based on the exact likelihood functions provided
hereinabove with that of the approximate ML detector based
on the Gaussian assumption of the signals received due to
the jammer’s transmissions. Moreover, we examine the per-
formance gain achieved by using double instead of a single
receive antenna in addition to the impact of the symbol length,
T, on performance.

In all simulations, we used constellations of unit norm
symbols constructed with the method proposed in [37]. In
particular, to generate a complex constellation C with 2™ T-
dimensional symbols, we use the following procedure.

1) Generate a pool of I random matrices of size T" x 2"
from the standard complex Gaussian distribution. For
each matrix, compute the () R-decomposition, where ()
is the unitary component of the matrix and R is its lower
triangular component. Let ); be the ()-component of the
i-th matrix, ¢ € {1,...,I}. The set {Q;} is known to
be asymptotically isotropically distributed on the group
of unitary matrices [37].

2) Out of all the generated matrices, select the matrix
whose () component has the largest angular separation
between its columns, that is, select the 7*’th matrix,
where i* = arg min; max,, » m=n |(¢5,)1¢4 |, ¢. is the
r-th column of @Q;, r € {1,...,2"}.

3) Choose the columns of @Q;« to be the points of the
signalling constellation.

To facilitate the presentation of results, we fix the total power
of the noise plus jamming signal to 10 dB. To do so, in all
simulations, we set the noise variance to O’% = 0.5 and the
jamming signal variance to o3 = 4.5. To maintain a constant
average channel power gain for the transmitter and jammer
channels under different values of kj, and k4, the transmitter

channel variance, 0,21, and the jammer channel variance, 03,

1
2 _
P e
forthcoming examples, except Example 4 and Example 5, the
symbol length is set to 7" = 4, and the data rate is set to 0.75
bits per channel use (bpcu).

Example 1: In this example, we set the k-factor of the
jammer’s channel, kg, to zero for various values of the k-factor
of the transmitter’s channel, k;,. This scenario arises when the
transmitter is highly mounted or airborne while the jammer
and the receiver are ground-based, cf. Section III-A. Using
these settings, we obtained the symbol error rates (SERs)

are set to o7 = , respectively. In all
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Fig. 2. T'=4, kg =0 and various values of kj,.

reported in Figure 2 for both the exact and approximate ML
detectors. The superiority of the exact ML detector over the
approximate one is apparent in Figure 2. Furthermore, it can
be seen that the performance of both detectors improves when
kj, increases, i.e., when the LOS of the transmitter’s channel
becomes stronger. For instance, at a signal-to-jamming-plus-
noise ratio (SINR) of 10 dB, increasing the k-factor of the
transmitter channel from k;, = 1 to k;, = 3 reduces the
SER from around 9 x 1072 to about 2 x 10~3 for the exact
ML detector and form about 2 x 1072 to 9 x 103 for
the approximate one. However, the advantage of the exact
ML detector is more pronounced at lower values of kj,. For
instance, at an SER of 1072, the exact ML detector exhibits
an advantage of 3 dB when %k, = 1 and 2 dB when kj, = 3.

This figure illustrates the sharp contrast between the be-
haviour of the exact and approximate ML detectors for the
cases of single and double receive antennas. In particular, as
shown in [31], the performance of these detectors coincides
when the signalling constellation has a unit norm and the
receiver has one antenna. However, the exact ML detector of-
fers a significant performance advantage over its approximate
counterpart when the receiver has two antennas, albeit with a
higher computational cost. (]

Example 2: In this example, we consider a case comple-
mentary to that considered in Example 1. In particular, in this
example, the k-factor of the transmitter’s channel was set to
kn, = 0, and various values were used for the k-factor of the
jammer’s channel, k,. This scenario arises when the jammer
is highly mounted or airborne while the transmitter and the
receiver are ground-based, cf. Section III-C.

The SER curves obtained in this example are reported in
Figure 3 for both the exact and approximate ML detectors. It
can be seen from Figure 3 that, as in the cases considered in
Example 1, the exact ML detector significantly outperforms
the approximate one. For instance, at an SER of 1 x 102,
the exact ML detector has an advantage of 3 dB at k;, = 0
and 3.25 dB at k, = 8. Furthermore, it can be noticed
that, although the detection performance of both detectors
is not highly sensitive to the changes in k4, the detection
performance of the exact ML detector improves with the
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Fig. 3. T'=4, kj, =0 and various values of k.

strength of the jammer’s LOS component, i.e., increasing k,
decreases the SER. For instance, at an SJNR of 10 dB, the
SER drops form 1.4 x 1072 at k, =0 to 1 x 1072 at k, = 8.

This example suggests that a receiver with an intense LOS
component to the jammer is more resilient to jamming. In a
complementary fashion, it is more effective for the jammer to
be occluded from, than for it to have an LOS component to,
the receiver.

Example 3: In this example, we compare the performance
achieved by a double-antenna receiver with that achieved by a
single-antenna one for various values of k; and k,. The SER
curves obtained in this example are presented in Figure 4. This
figure illustrates the robustness of double-antenna receivers to
jamming. For instance, at an SER of 3.3 x 1073, the exact
ML detector yielded a gain of 11 dB when kj, = k; = 2, a
gain of 6 dB when k;, = k;, = 0, and a gain of 9.5 dB when
kp =2 and kg = 0.

This example suggests that equipping the receiver with more
antennas will likely offer significant jamming resilience. Un-
fortunately, however, as previously pointed out in Section III,
deriving the optimal ML detector for cases with more than
two receive antennas seems daunting. Furthermore, performing
optimal detection with a large number of receive antennas is
likely to be computationally expensive unless closed-form ex-
pressions are obtained for the respective likelihood functions.

Example 4: In this example, we investigate the effect of
the symbol length, 7', on the performance of the exact and the
Gaussian approximation-based ML detectors. Two values of
T were considered, namely, 7' = 2 and T" = 4. For each value
of T, performance is evaluated at three transmission rates,
namely, 0.5, 1, and 2 bpcu. The k-factors of both channels
are chosen to be zero, i.e., k;, = k5 = 0. The results obtained
in this example are presented in Figure 5. It can be noticed
from this figure that, as commonly noted in the literature,
e.g. [38], [39], spreading information across more time slots
tends to yield better performance at higher SINRs. However,
this phenomenon does not necessarily carry over to the low
SINR regime. For instance, at an SER of 1 x 1072, using
T = 4 has an SINR advantage of 1.5 dB when the data rate

SER
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Fig. 4. Detection performance of double receive antenna vs. single receive
antenna for 7'=4 and various values of kj, and kg.

0.5 bpcu
1 bpcu
2 bpcu

SER

Fig. 5. Performance at different rates and values of 7" for kj, = k4 = 0.

is 0.5 bpcu and 2.5 dB when the data rate is 2 bpcu over the
case of T' = 2.

Example 5: In this example, we investigate the effect
of the optimal covariance matrix in Lemma 3 on the per-
formance of the detector based on Gaussian approximation
when 7" = 6 and the constellation contains 8 symbols. For
ease of computation, we used the sample covariance matrices
of Y, and Y. to approximate the optimal covariance matrix
corresponding to each constellation symbol, X. The results
of this investigation are presented in Figure 6. It can be
seen form this figure that using the optimized Gaussian ap-
proximation detector yields valuable gain over its commonly-
used counterpart. For instance, at an SER of 1073, this gain
is about 1 dB. The advantage of the detector based on the
exact likelihood function over the commonly-used Gaussian
approximation detector at this SER is about 8.5 dB.

V. CONCLUSION

We considered a scenario in which a single-antenna trans-
mitter communicates with a double-antenna receiver in the
presence of a continuous proactive single-antenna jammer. The
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jammer’s transmitted signal, the transmitter-receiver, and the
jammer-receiver channels are assumed to be Gaussian, thereby
inducing a non-Gaussian jamming signal at the receiver. For
this scenario, the likelihood functions of the received signals
are derived for the cases in which the receiver has full or partial
CDI about the transmitter’s channel and the jammer’s channel.
These likelihood functions are used to develop the optimal
ML detector. Furthermore, the likelihood functions based on
the Gaussian approximation of the signal component resulting
from the jammer’s transmission are derived, and the corre-
sponding detector is developed. The detection performance of
both detectors is tested through simulations. These simulations
revealed the superiority of the ML detector based on the
exact likelihood functions over the one based on Gaussian
approximations for the case of unit-norm constellations. This
is in sharp contrast with the single antenna case wherein the
two detectors are equivalent for this type of constellations [31].
Simulation results showed the significant power advantage of
the exact ML detector, especially when the transmitter has a
strong LOS component. Furthermore, these results showed that
a double-antenna receiver with strong LOS components to the
transmitter and the jammer is more resilient to proactive bar-
rage jamming than its single-antenna counterpart. Extending
these results to receivers with more than two antennas seems
daunting and computationally expensive, but it will likely yield
valuable performance gains.

APPENDIX A
PROOF OF THEOREM 1

An outline of this proof is as follows.

o Conditioned on X, G, V and 6,,, invoke statistical
independence to express the pdf of Y as the product of
the pdfs of Y, and Y ..

o To facilitate the separation of the components of V,
use the eigendecomposition to diagonalize the covariance
matrix, L.

e Average out V' to obtain the pdf of Y given X, G, and
0

220

 Average out G to obtain the pdf of Y given X and 6, .

o Average out 6, to obtain the pdf of Y given X.

Equation (2) can be written as:

i (H 0... 00 X,
Ys 0H..00]|| X
: = : (19)

Yor—1 00 ... HO [|X7
Yor | 00 ...0 H || Xr

G 0. 007 W Z1

0 G . 00 Vs Zo

+ Col|

00 ...0 G| v Zor

From this equation, it can be seen that, conditioned on X,
* * T T
V.G=[g} g5]|'. knand 0,, =[6,, 6, | the pdf of
the received signal vector, Y, is the product of two Gaussian
pdfs:

fyixave, YIX.GV.0,,)=
fY"‘X’V7gl7GI"h1 (YO|X7 ‘/7 917 al‘hl ) X

fY5|X,V,gg,0,Lh2 (}/6|X7Va92a0uh2)a (20)
where Y, = [V, Y5 .. Y )l Y. =
[Y'Q*,...,Yzﬁ,...,YQ"‘T]T,

Y,| X 0 _

fYo‘Xavvglveth( 0| 7V’gl7 #hl) - 7TT7|E|X

exp <— [170 — glVFE_l [}70 — gﬂd) , 2D

L X
w1

and

fyaxvige., (YelX,V.g2,0,,,) =

exp < Vo oov] s [ - ngD . @)

where )7(, =Y, — khcrheje“hl X, )75, =Y, — khaheje“hz X, and
Y =02XX f + 0% Ip. Using the eigenvalue decomposition,
we write 7! = QAQT. Hence,

fyox.v g0, (Yol X,V,01,0u,,)

— e (~ [l -] 4 [l - a?]).

T
1
= exp | — Y Nilgaio1 — g9 | (23)
7T |3 ( ;
and
fY |X,V.,2,,0, (Y |X V. 92, ell/hg)
1 . . . N
= mexp ( [Ye —ov] A% gQVD ,
= T|Z| €xXp ( Z)‘ |y27, 921]1‘ ) (24)



where V = QTV, Y, = Q'Y, and Y, = Q'Y,. Using (23) and

(24) in (20) yields:

frix.eve,, YIX.GV,0,,)

T
1 . . R
~ 2P (ZAZ‘(@%—l 91Ui2+y2¢g2vv:|2)> ;

T
1 ~ ~
~ s P (— PRy (Iyzm\2 + |y2¢2)>
i=1

T
X exp (Z& (||9||2\17i|2* 2R{(9192i—1 + 9592i) 17:]*)) .
i=1
(25)
where [|g[|*=|g1|*Hga|*. Note that R{ (g7 G2i—1 + g392:) 0} } =
l9702i—1 +  g5U2i]|0i] cos (9@; — ozi), where oy =
Z (gi(];lgi_l =+ g;gm), and 91;? = ATA}: = 74’{)1

To obtain an expression for fy|x a.e,, (Y|X,G,0,,), we
average both sides of (25) over the random vector V. Note
that, since @) is a unitary matrix, i.e., |@Q| = 1; hence, V has
the same pdf as V. Doing so yields:

fyix.ge,, YIX,G,0,,)=

| Frixcva, (VIX.GV.8,) v (V)AV, @6
\Z

where fy (V) is given by:

1 vVi?

v

27

Using (25) and (27) in (26) and taking into account that || V|| =
|Vl and that cos (6;: — a;) = cos (65, + ) yields:

Hp (Y|X’ G’ 0#}1) =
1 T
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v i=1
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i=1

fyix,c.e6

Using polar coordinates with |0;| = r;, 6; = 05, and AV —
Hzrzl ridr;df; yields:

frixce,, YIX,G.0,,)=

T
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TG P <_ZA el ) ’

T 00 1
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=170 0y

27
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0

x dr;.  (29)

We note that the zeroth-order modified Bessel function of
the first kind is given by

Iy (2) = % 7Texp (zcos (0 + «))db,
_ - /2
=2 Ty

Hence, the inner integration in (29) can be expressed as:
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A 11— (2
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(01)2
Using (30) in (29) ylelds:
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where, to write (32), we have used the fact that the integration
v , and to write (33),
function.

(33)
0_2 +1
in (31) is equal to (¢! <
D\ Xz
we have replaced the summation in (32) with the exponential
Let S; be the summation in the argument of the last
exponential in (33). This summation is given by

Z Aio ||g||2 — (17211 Plg P + [l g2l?

+ 2|Q2i71||332¢\|91|\92\ COoS (9g1—992 —91') ), 34

where 0, = Zgy, ¢ € {1,2}, and 0; = ZL§o;—1 — Lyoi. The
last term in (34) can be written as:

T
2|g1/lg2| Z
i=1

)‘1‘2012;|Z?2i71||§2i‘ COoS (991_992 —0;)
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= 2lg11192/Cy (lg]I*) cos (09,05, = B) , (35)
where Cy(|lg|>) = /C}+C3, B = arctan (gj),
and C; = ZiTl)\igq))z\JZ?ﬁgﬁ;lL—C?S(ei)’ and Cy =
2311 Y U”|/\yiz2|1||g|ﬁ221:11n (0:) . Using A to denote the di-
agonal matrix whose /-th element is given by Ay =
W it can be verified that C; = R{Y A Y.}

and Cy = S{Y,! A Y_}. Hence,
T
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Using (35) and (36) in (34) yields:
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Substituting from (37) in (33) yields
1
w252 T, (A

T
xexp( Z i |y21 12+ |92 ))X
1=1
o< (2

i=1

fyix.ce,, YIX.G,0,,)=
i . 02|lgl2+1)

202 (|92i—1121g1* + |923]2|g21%)
AioZ|lgll? +1
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To obtain an expression for fy|x e, (Y[X,0,,), we av-
erage fy|x,g.e,, (Y|X,G,0,,) over the distributions of g,
and g,. In particular, we write

Frix.o,, (VX,6,,) = / / frix.Go, (Y1X,G,0,,)

g1 v g2

X fg,(91)fg,(92)dg1dgo,

where we have used the fact that g; and g, are independent
and identically distributed.

We will derive fg (g1) and the derivation of fg, (g2) follows
mutatis mutandis.
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Analogously, we have
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Using (38), (40) and (41) in (39) yields:
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Note that g, and g, are complex variables. Hence, the
double integration in (42) is equivalent to quadruple real
integrations.

Let ¢ be the integration in (42). Using polar representation,
we write |g¢| = 7y, and dgy = r¢dredfy, , £ € {1,2}, and

hence
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Let x; be the inner double integration in (43), it can be shown
that

X 7‘17“2d7“1d’f’2.
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Using the following change of variable: p? =
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Using the change of varlables u = sin’(¢), du =

. a2 p? dt
2sin (¢) cos (¢) do, t = R 7@ pETgR— = 2pdp
and defining t =1 —¢ and u =1 —u yields:
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It can be shown that the argument of the last Bessel function
can be written as:

2tv/uuCy ( t) =Y, A(u,t) Yel.

where A(u, t) is a diagonal matrix whose /-th element is given
by A, — 2 \2/ui t.
At + 1
To obtain® an expression for fyx(Y|X) we average

frixe,, (Y |X,0,,) over the independent uniformly dis-
tributed phases 6, and 6, . In particular, we write

frix(Y[X) =

1 2 27
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Using (46) in (47) yields:
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47T2T+20404|2‘2

/ /exp<ZA i 1|+y2z|> Oy Oy, )16, A6,

(47)

fY|X(Y|X) =

(43)
where
478 L
U, ., / / YIA(u,t)Ye
/1'h1 Mhz Hl 1 At_’_a (| ( ) |)
i (|y2i71|2u + \y2i|2u) t
X exp (Z Nt +1 o202t
i=1 g-v
2k ut 2k,
x I0< g “) IO< s JE ) dudt, (49)
040, V 1 og0p V T

The desired pdf is given by the expressions in (48) and (49).
These expressions can be presented more succinctly by in-
troducing matrix notation. In particular, using the fact that

Y, = Q'Y, = Qf (Yo—khahejg“”lX) and YV, = Q'Y, =
Qt (Ye—khahejg“hz X), along with the fact that ¥~! =
QAQT, for (48) we can write

T
Z Nilt2io1]? =
i=1

(Y, = kpone’®m X)S 1Y, — kpope®m X),  (50)
T
D Ailgail® =
i=1
(Ye — kpope®®me X)PS71(Y, — kyone’® e X),  (51)
and, for (49) we can write:
XT: A2 |9igi—1 [Pt _
—~  Nt+ t
(Y, —kpone’®m X) I (S, 6) (Y, — kpope’®m X),  (52)

where T(X,t) = ¥~
shown that:

Y(Ir + I¥)~'. Analogously, it can be

T -
AZlgail*ut

— Nt + t
u(Ye — knope’®rne X)Ir (S, t)(Ye —kpope’®rne X), (53)
[V A(u,t) Y| = dutitx
|(Yo*]'fiszfszJe“’LL1 X)), t)(Ye*khffh@ﬂ;“h2 X), 64
and
T
[T it +8) = At + 217 (55)
i=1

Using equations (50), (51), (52), (53), (54), and (55) in (48)
and (49) completes the proof.

APPENDIX B
PROOF OF LEMMA 1

To prove this lemma, we assume in (19) that the signal
resulting form the jammer transmission at the ¢-th receive
antenna, J; = g;V, i € {1,2} is Gaussian distributed,
ie., Ji ~ CN(0,0202Ir). Under this assumption, it can
be seen from (19) that, conditioned on the vector of trans-
mitted symbols, X, the k-factor of the transmitter channel,
kp, and the phases vector of the transmitter channel mean
0., =] BZhl 0;,12 ]T, the pdf of the received signal vector,

Y, is given by:

frixe,, YIX.0.,)=
fYo\X,Buhl (Yol X, guhl )er|X,6

where Y, and Y. are Gaussian distributed with the following

(Yel X, 04,,), (56)

Hho

pdfs:

1
fyoix.0,, (YolX,0u,, )= mx



exp (—(YO — khahejg’”n X)TEX,l (Y, — khaheje’“n X)) ,

(57)
and
1
fy.x.e,,, (YelX,0u,) = Ten
exp (7(Ye — kpope’ e X)Ist(y. - knope’'na X)) ’
(58)

where Xy = 07 X X1 + (0202 + 0%)I7. Using the eigende-
composition L' = QNANQL, yields:

fyo1x.0,, (YolX,04,)
1 T
~ ~ 9
~ TN o <_ ; Ailf2i—1 — knopdge’ 2)

1 .
:mzem< > Mliaina K ahm?))

T
X exp <2khah Z )\1\3721‘71||i‘i| COS(QMH-F Oél‘)> , (59)

i=1

where ygl 1 ygl and acl are the i-th elements of Y =
Q NYO, Y, = Q NY67 X = Q NX respectively, and o; =
4.1?1 - 4921 1-

Denoting the summation in the argument of the last expo-
nential in (59) by Sy, we write

T
Sy = (Z AilY2i—1]|Z:] cos(ai)> cos(0,,)

i=1

T
=+ (Z )\i|g2i71 ‘ |Zi'1| sin(ai)) Sin(ﬁﬂhl )
i=1

= /W2 + W3 (cos(Bo) cos(B,,,,, ) + sin(Bo) sin(6,,, )

= /W2 + W2 cos( in,—Bo)s (60)
where Wl = Zi:l )\z|y27.—1||i‘z‘ COS(Ozi), W2 =
ZiTzl AilG2i—1||%:] sin(e;), and B, = arctan . It can

1
be shown that W; = R{Y,} Ay X} and Wy = S{Y Ay X1,

which yields that

Wi +Ww3
T
Z Am,)\n|y2m—l||Z,A/2n—1||5%27n| ‘j2n| Ccos (am - an)
m,n=1
= [V Ay XP, 1)
where Ay is the diagonal matrix of eigenvalues of E;,l. Using
(60) and (61) in (59) yields:
1
fraxe.,, (Yo|X,0u,,) = o
T
X exp (— > Nl ? + kia%W))
i=1
X exp (Qkhoh\YoTANX\ cos(Op,, — ﬂo)) . (62)

Analogously, it can be shown that:

1
YN

T
X exp (—ZMW - kzo—zm%)
i=1
X exp <2khcrh|}7jAN)A(| cos(¢9ﬂh2 — ﬁe)) .
Using (62) and (63) in (56) yields:

1
fyixe,, Y[X.0,,)= P
X exp (—

X exp <2khoh|YoTANX\ cos(@uhl—ﬁo))

X exp <2kh0h|}>eTANX\ cos(@uhzfﬂe)) .

fYC\X,OMh2 (Ye‘Xa ep,hQ) =

(63)

T
> XillG2i-1 [ + |2:l* + 2’620;21@1'2))
=1

(64)

To obtain fyx(Y|X), we average the right hand side
of (64) over 0, and 6, , which yields:

1
2T|S |2

T
X CXp < Z Xi([G2i-1]? + [Goil* + 2]91210}21|55i|2)>
=1

x I (2khah|?j An X|) I (Qkhahmf An X|) . (65)

fY|X(Y|X) =

It can be readily verified that:

T
> Ailfaioa ] = Yo XY, (66)
=1
T
> Niljeil? =Y T{ Y, (67)
=1
and

T

ZM@F =xT 2t X (68)
=1

Using (66), (67), and (68) in (65) completes the proof.

APPENDIX C
DERIVATION OF THE MARGINAL PDF f. | x (71|X)

For the case of k;, = k4 = 0, the distribution of the received
signal vector, Y, conditioned on the transmitted constellation
symbol, X, is given by fy|x (Y'|X) in Eq. (15) on page 6 of
the revised manuscript, that is,

fY|X(Y|X) =
1
7721"6,31“0,12}T|E|2

1 p1 T\T-3

t(t) -

—— Iy (2Vuat|Y Y(Z,t) Y.
X/O/O\At+tIT\O( uatYy T (3,1) ‘)
)
202t

(69)

exp(-Y, 271 Y, - Y] 27'Y,)

xexp(a Y] T(S,8) Yo +u Y Y(S,¢) V. —

X du dt,



where Y, Ye, 3, A, T, 04 and oy, are as defined in Theorem 1.

Using T = 2, ©°! QAQT, and setting {?] =
T €
[% CST} {Y] Since @ is a unitary matrix, the determinant

of the Jacobian of the transformation from Bﬁ"] to {?] is

equal to 1, yielding f}”f|x(?|X)
for 7,21 and Y in (69) yields:

= fy|x(Y|X). Substituting

Fox(Y1X) =

1 N .
exp (=M1 (|91]° + [92]%)
2 2

// I )\t+t_) (2\/@ ZAL )
P )

e (A t+1 (917 a+|g2[*u] + Ao t
t

X exp <— 5
g

Using the series expansion of the Bessel function Ij(-) in (70)
yields:

fY|X(Y|X) =

1 N N _ N
m exp (=1 (|91 + [521*) = A2 (1gs]* + |y4|2))

// ‘Z NV uatyg; ok
1'[Z 1 ( >\t+£) k' Nt +t

2 2 N2 a2
e (530 [l Pa+liaPa] + MHM wlin

t
g Oy
It can be shown that (71) is equivalent to:
f Y|X (Y|X ) =

1 A2 a2
mfmp(—M (|y1| + [92])

// . /\t+ﬂ p(—US;%E) S(Y,u,t)

— X2 (1931* + 194]%))

7 Y2i—192:

— X2 (193> + [941%))

2 2 2 A2 a2
X exp <)\1t = 19117 a4 ga*u] + ~ t+t—[ly3| U+l U])
X dudt, (72)
where
S(Y, )

t,
o0
Z ((uat®)* (3|91 1% [92]? + a3 |93]*[9a*+
kIO
~ k
2010191 |92/ 93] 94 cos(01 — 02 — 03+))"),  (73)

and
(74)

i=1,2.

Using the trinomial expansion:

kkm bmk:nm

ZZ m'n'k‘ m—n)!’

m=0 n=0

(a+0b+c)k (75)

where a = of|1]?[g2|%, b = 2a102|G1||G2]|93] 4] cos(61 —
02 — 03+), and ¢ = a3|93|?|94]? yields:

~ . (uut?)k
S(Y,t,u)zz( k,) (76)
k=0 ’
« 3 (20r0aliullinlfollia]cos(6r — b — 6+ 6)"
(77)

3

k— N N n N N k—m—m
y (afl91?1821?)" (a3lds]?[0a]?) (78)
nl(k—m—n)! ’

Using polar coordinates with 7; = /R{9;} + ${9;}, and

3
Il
=]

I
0; = arctan (“{?{l}) i=1,...,4,1in (71) yields:
r1irar3Ty
0X)= ——
fT,Q\X(Ta | ) ’/T40'30'3|E‘2
2, .2 2, .2 bt (e)?
X exp (—>\1 (Tl +7‘2) - AQ (7‘3"‘7‘4)) o Jo m
i=1\"\1
t
X exp(alt [r%ﬁ—i—r%u} +aot [r%ﬁ—i—riu} —m)
g-v
% i k (U’L_LtQ)k(2(110&2T1T27‘3T4)mCOSm(91—02—03+04)
| |
== k! m!
k—m ( 2 2 o\ ( 9 9 o\k—n—m
<3 (adrirs) (adriri) dudt, (79)

nl(k—m—n)!

where r = [’I"l ro T3 7‘4}1- and 0 = [91 92 03 04]T
To obtain f, x(r), we integrate (79) over all possible values
of 6. We notice that [40]:
1) The integration over the period [0, 27) of any odd power
of cos(p) is zero, i.e.,

27
/ cos™(B)dp = 0, for m odd. (80)
0

2) The integration over the period [0,27) of any even
power of cos(/3) is given by:

/ " cos™ (3)d8 = = (m”/‘2> (2m).

Using these facts, it suffices to consider m = 2¢. Using this
and substituting for the values of oy and as from (74) in (79)
yields:

81)

1
fmﬂ‘zﬂ'aﬂu\X(rlar2ar3vr4|X) = W
S [
— k'€'2n'k: 20—n)! 11>‘t+{)

A2tu + A\t
X exp (—02 375) (27“1)(7“%)”“ exp <— (1)\115 7 ) r%)



)\2tu + At
2\n+~¢ _ 1
X (2ra)(r3) exp ( ( NETE ) )
e A3tu + Aot
< ) e (- (20 12)

e A3t + Aot
< (2r) () exp (— () )
(n+¢
X()\Q A2t+ﬂ) “( A

As(Aat + 1)

2k
- dudt. (82
Aot + t) Y (82)

To obtain f,. | x(r1|X), we proceed as follows:
f'r'1|X T1|X
/ / / Jrarayra,ra X (11, 72,73, 74| X )draodrsdry,

o LE] k—2¢

B 0404|§]|2 ZZ Z k! 012 n! k: 20—n)!

k=0 ¢=0 n=0
(uat?)Fe(f)~* t ,
/ / U exp (_ 2t> (T%) s
[l (Xt + 1) 750
o [ Ntu + Mt 2
P Mt+1 !
< o A2tu + At
X /0 (r3) +exp ( (1)\175 7 > r%) 2rodrs
o n— )\Qtu =+ )\Qt_
X /0 (Tg)k exp <— <2)\2t e > r§> 2r3drs
> A3t + Aot
X /0 (rHF=n=fexp (— (2/\:;:- ; ri)) 2r4dry
2(n+4 2k
x( %(At”)) ; )( X ) dudt.
A3 (At + 1) Aot +1

Setting r? = u,2r;dr; = du, i € {2,3,4}, and using the
fact that:

/OO u?exp (—vyu) du d (83)
0

fqurl ’

where v > 0 and ¢ is a positive integer, yields (17).

APPENDIX D
PROOF OF LEMMA 3

Let Qy|x(Y|X) be the likelihood function based on the
Gaussian approximation for which the covariance matrix is to
be optimized. For the cases in which &, = 0, it is shown in
Eq. (14) on page 5 of the revised manuscript that

Qyx(Y[X) = HT#FP exp (—(YOTEleOJrYeTEﬂYe)) 7

(84)
where = is the covariance matrix to be optimized.

For a given X, the Kullback-Leibler distance measure
between the exact likelihood function, fy|x(Y|X), and the
likelihood function based on the Gaussian approximation,
Qyx (Y]X), is given by

D(fyix(YIX)||Qyx(Y]X)) =

| rivix)tog (fY'X(Y'X)) ay,

5
Qv x (VIX) (>

ie.,
D(fy1x(Y1X)]|Qyx (Y]X)) =
/YfYIX(Y|X)log(fY|X<Y|X))dy_

/ Fyix (Y1X)log(Qy x (Y|X))dY.  (86)
Y
Our goal is to find an expression for

EN(X) = argén;%D(fY\X(Y‘X)HQY\X(YLX))- 87)

To do so, we note that the first term on the right hand side
of (86) is independent of =. Hence, to achieve our goal, it
suffices to solve the following optimization problem:

max /(—YOTE_lYO—YJE_lYe — 2log(|Z[)+2T log())
=2 Y

% fyx (Y]X)dY. (88)

To solve this optimization problem, we let R = Z~ !, and note

that because = > 0, R > 0 . Using this change of variables,
we rewrite (88) as:

o | (log(IR) — (VIRY, + YIRY.) fyix (VIX)a.

(89)

The function F(R) = 2log(|R|) — Y,RY, — Y.RY, is

concave. Hence, differentiating (89) with respect to R and

solving for R that makes the derivative equal to zero yields

the optimal covariance for the given X, R*(X), provided that
the resulting R*(X) > 0. Differentiating (89) yields

2(R*(X 1:/fY|X(Y|X) (Y +v.yhay
Y

fYO\X(Yo\X)(YOYOT)dYO
Yo

4 /Y fy o x (Y| XYY )dY,. (90)

To complete the proof, it remains to show that R*(X) > 0,
but this can be readily seen from (90), since its right hand
side is the statistical average of the sum of two rank-1
positive semidefinite matrices. Hence, (R*(X )) = 0. Since
the noise components of the entries of Y are statistically
independent of each other and of other components of Y, it
can be readily seen that |[R*(X)| > 0, whereby R*(X) > 0,
yielding the statement of the lemma.
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